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Appendix A. Growth in Diffusive Chemical Gradients

In this Appendix, we describe how a set of interacting diffusible chemicals ;1 may control
axonal development. These chemicals diffuse in the extracellular space with diffusion con-
stants D, and decay with rate constants ,,. The diffusion equations with sources and losses

thus take the form
dpu/O0t = D, N?p, — 8upu + Su(x,t), (A1)

where p,, is the concentration of chemical p, Vp, its concentration gradient, and S, (x,t)
represents the source flux of chemical p. If the chemical p is released from fixed targets that

are treated as point sources at positions x;, then

Su(x, 1) = > ou({p(xi, ) })(x — x), (A2)

where x is a point in the extracellular space and §(x) is the Dirac delta function. If the

migrating growth cones at r,(t) are themselves treated as point sources of the chemical y,

Su(x,t) = 3 0u({p(ra(t), ) }O(x — ra(t)). (A3)



In equations (A2) and (A3) we have allowed for the possibility that the rate of release
0,({p}) could depend on the concentration {p} of other chemoattractants and chemorepel-
lants at the release site.

The growth cones will respond to these diffusible chemicals by growing up the gradients
of chemoattractants and down the gradients of chemorepellants. Thus, the combined effect

of several diffusible cemicals on the growth of axon a will be given by

dr,/dt = Z Muattract V Pu(Ta (), 1) — Z Nurepel VPu(Ta(t), 1), (A4)
1 1

where A, gttract and A yeper are the rates of growth to the gradients of chemoattractants and
chemorepellants, respectively.

As axon growth usually occurs on a much longer time-scale than the time needed for
the diffusive fields to equilibrate, we can replace equation (A1) by the quasi-steady-state

approximation
[VQ - “i]pu = —Su(x,t)/ Dy, (A5)

where k, = 1/6,/D, is the inverse diffusive length for chemical p. Note that diffusive gradi-
ents can therefore control development on a range of scales, depending on the biochemistry
of the molecules involved. Quasi-steady-state equations such as these we actually integrate
in our simulations.

Because equation (A5) is linear, it can be solved using Green’s functions such as

pu(x,1) = [ Gulx = X)Su(x, 1)/ Dydx. (46)

The nature of the Green’s functions to be used depends on the dimensionality of the extracel-
lular space and on the boundary conditions imposed experimentally. For the two-dimensional
simulations, the Green’s function can be expressed in terms of the modified Bessel function

Ko(z) as G, (x — x') = Ko(ku|x —x'|)/27m (e.g. Bronstein & Semendyayev 1997).



Thus, using equations (A2) and (A3), we can write down expressions for the diffusive

fields:
(1/2m) 3ilon({p(xi, 1) })/ Dp] Ko (kulx — xi) (target)
pM(X, t) = (AT)
(1/27) Salou({p(ra(t), 1)/ Dul Kolrulx — ra(t)]) . cone

or, provided we are only interested in the concentration far from the source, we can replace
the modified Bessel function by its asymptotic form Ky(x) ~ /7/2x exp —z, and
187 Slou({p(x )/ Dy exp —rulx — xil/Jrrux — (e

pM<X7 t) = (A8)
/87 Sl ({p(ra(t), 1)/ Dl exp sl — ralO)l/\finlX — 1al®)] e oo

Similarly, the instantaneous concentration gradient of chemical y at growth cone «, a quan-

tity required for calculating the response of the growth cone to chemical p (see equation

(A4)), is given by

/87 ilou({p(xi, 0)})/ D] exp —lra(t) - x|
Fa(t) = 3|2 ulra(t) — 1| + 1/2)(Ea(t) — %)
Voulra(t),t) = (A9)
VU878 s palou ({p(x5(0), 1)/ D] exp — i [ra(t) — r5(0)]
Fa(t) — 1s(0)] 2[R, ra(t) — Ta()] + 1/2] (Ealt) — £4(1))
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Appendix B. Scaling The Equations of Motion

Converting variables into non-dimensional ones usually reduces the number of parameters.
In equations (1), (2), and (3) (in main text) there appear to be nine relevant parameters

(excluding those of the Michaelis-Menten functions), but by scaling the length and time in

-1
cone?

terms of the growth cone parameters (i.e. measure lengths in terms of L = & and time

in terms of T = [V/87 Deone/AconekoneTeone] ) and defining dimensionless concentrations

Pcone = [Ucone/ \% 87TDcone]pcone,dim
ptarget = [Utarget/ \% 87TDta7’get]pta7‘get,dim (Bl)
prep = [Umax/ \% 87TDrep]prep,dim7

we can reduce the number of parameters to only four dimensionless parameters:

X1 = Ktarget/ Kecone

X2 = FKrep/Keone (B2)
X3 = ()\mrget/ )\cone)[atarget/ Dtarget]/ [Ucone/ Dcone]\/ficone/ Rtarget

Xe = (Avep/Acone)[Omaz/ Drepl/[0cone/ Deone]\ Kcone/ Eirep-

Two parameters control the geometry by setting the relative length scales: x; is the ratio
of the diffusive length scales of the axon-derived chemoattractant and the target-derived
chemoattractant, while y, is the ratio of the diffusive length scales of the axon-derived
chemoattractant and the axon-derived chemorepellant. The other two parameters control
the growth rates in response to the diffusive fields: x3 controls the growth rate to the target-
derived chemoattractant relative to the growth rate to the axon-derived chemoattractant,
while x4 controls the growth rate to the axon-derived chemorepellant relative to the growth

rate to the axon-derived chemoattractant.



