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The development of connections between neurons and their target cells involves competition
between axons for target-derived neurotrophic factors. Although the notion of competition is
commonly used in neurobiology, the process is not well understood, and only a few formal
models exist. In population biology, in contrast, the concept of competition is well developed
and has been studied by means of many formal models of consumer}resource systems. Here
we show that a recently formulated model of axonal competition can be rewritten as a general
consumer}resource system. This allows neurobiological phenomena to be interpreted in
population biological terms and, conversely, results from population biology to be applied to
neurobiology. Using "ndings from population biology, we have studied two extensions of our
axonal competition model. In the "rst extension, the spatial dimension of the target is explicitly
taken into account. We show that distance between axons on their target mitigates competition and permits the coexistence of axons. The model can account for the fact that in many
types of neurons a positive correlation exists between the size of the dendritic tree and the
number of innervating axons surviving into adulthood. In the second extension, axons are
allowed to respond to more than one neurotrophic factor. We show that this permits
competitive exclusion among axons of one type, while at the same time there is coexistence
with axons of another type innervating the same target. The model o!ers an explanation for
the innervation pattern found on cerebellar Purkinje cells, where climbing "bres compete with
each other until only a single one remains, which coexists with parallel "bre input to the same
Purkinje cell.
 2000 Academic Press

1. Introduction
The development of connections between
neurons and their target cells often involves an
initial stage of hyperinnervation followed by
elimination of axons (Purves & Lichtman, 1980).
-Author to whom correspondence should be addressed.
E-mail: a.van.ooyen@nih.knaw.nl
0022}5193/00/180195#16 $35.00/0

In some cases, elimination continues until the
target is innervated by just a single axon (e.g. in
the innervation of muscle "bres, Jansen
& Fladby, 1990), whereas in most cases several
axons remain. Competition between innervating
axons for target-derived neurotrophic factors,
which are taken up by the axons via speci"c
receptors at their terminals (Bothwell, 1995;
Lewin & Barde, 1996) and which a!ect the
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growth and branching of the axons (see Section
2.1), is thought to be involved in axon elimination
(Grinnell et al., 1979; Purves & Lichtman, 1985;
Purves, 1988).
Although the notion of competition is commonly used in neurobiology, the process is not
well understood, and only a few formal models
exist (GouzeH et al., 1983; Bennett & Robinson,
1989)*revised and further analysed by
Rasmussen & Willshaw (1993) and Van Ooyen
& Willshaw (1999a); Jeanpre( tre et al. (1996);
Harris et al. (1997); Elliott & Shadbolt (1996),
1998). In population biology, in contrast,
the concept of competition is well developed and
has been studied by means of many formal
models (e.g. MacArthur, 1970; May, 1974;
Kaplan & Yorke, 1977; Yodzis, 1989; Van der
Meer & Ens, 1997; Grover, 1997). In these models, one considers systems of consumers and
resources where most types of resources are
consumed by more than one species of consumer,
so that there is competition between the consumer species.
In most models for the development of nerve
connections, competition is based on "xed
amounts of resources that become partitioned
among the individual competitors (GouzeH et al.,
1983; Bennett & Robinson, 1989; Elliott & Shadbolt, 1996; Harris et al., 1997). In other words,
there is no production and no decay or consumption of resources, which is biologically unrealistic.
We have recently formulated a model that is not
based on "xed amounts of resources (Van Ooyen
& Willshaw, 1999b; see also Jeanpre( tre et al.,
1996). In this paper, we show analytically that
there exist direct parallels between this model
and consumer}resource systems in population
biology (Yodzis, 1989). Stimulated by these parallels, we have investigated two extensions of the
model. In the "rst extension, the spatial dimension of the target is explicitly taken into account.
In the second extension, axons are capable of
responding to more than one neurotrophic
factor.
In Section 2, we summarize our axonal competition model (Van Ooyen & Willshaw, 1999b).
In Section 3, we show that this model can be
rewritten as a general consumer}resource system. The extensions of the model are studied in
Sections 4 and 5.

FIG. 1. Target cell with three innervating axons, each
with a di!erent degree of branching. The target releases
neurotrophin, which binds to neurotrophin receptors at the
axon terminals. The extracellular space around the target is
assumed to be uniform with respect to the concentration of
neurotrophin, i.e. is a single compartment. From Van Ooyen
& Willshaw (1999b). ( ) neurotrophin (L); ( ) unoccupied
receptor (R); ( ) neurotrophin}receptor complex (C).

2. Development of Nerve Connections under
the Control of Neurotrophic Factors
In this section, we summarize the model by
Van Ooyen & Willshaw (1999b). An important
group of neurotrophic factors is the neurotrophin family, and from now on we will use the
term neurotrophin instead of neurotrophic
factor, although the model is not speci"c for any
factor.
2.1. MODEL

We consider a single target cell at which there
are n innervating axons each from a di!erent
neuron (Fig. 1). Neurotrophin is released by the
target into the extracellular space at rate p and is
removed by degradation with rate constant d. In
addition, at each axon i, neurotrophin is bound
to receptors with association and dissociation
constants k and k , respectively. Bound neuro?G
BG
trophin (the neurotrophin*receptor complex) is
then internalized and degraded with rate constant o . Finally, unoccupied receptor is inserted
G
into each axon at rate
and is degraded with
G
rate constant c . If we assume standard reaction
G
dynamics, the rates of change of the total number
of neurotrophin}receptor complexes on axon
i (C ), the total number of unoccupied receptors
G
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on axon i (R ), and the extracellular concentraG
tion of neurotrophin (¸) are
dC
G"(k ¸R !k C )!o C ,
?G G
BG G
G G
dt

(1)

dR
G" !c R !(k ¸R !k C ),
G
G G
?G G
BG G
dt

(2)

L
d¸
"p!d¸! (k ¸R !k C )/v,
?G G
BG G
dt
G

(3)

where v is the volume of the extracellular space.
Following binding to receptor, neurotrophins
locally increase the arborization of axons (e.g
Cohen-Cory & Fraser, 1995), which will consequently cause an increase in the number of axon
terminals. Increasing the number of axon terminals (on which the neurotrophin receptors are
located) is likely to increase the axon's total number of receptors. Neurotrophins can also increase
the axon's total number of receptors by (i) increasing the size of axon terminals (e.g. Garofalo
et al., 1992) and (ii) upregulating the density of
receptors (e.g. Holtzman et al., 1992).
In order for the total number of receptors to
increase in response to neurotrophin,
must
G
increase in response to bound neurotrophin. We
therefore assume that is an increasing function
G
f (C ) of the amount of bound neurotrophin C .
G G
G
We call f (C ) the growth function. To take into
G G
account that axonal growth is relatively slow,
G
lags behind f (C ) with a lag given by
G G
q

d
G"f (C )! ,
G G
G
dt

(4)

where the time constant q for growth is of the
order of days.
Because the precise form of the growth function is not known, Van Ooyen & Willshaw
(1999b) studied four di!erent classes of growth
functions, all derived from the general growth
function
a CK
f (C )" G G .
G G
KK#CK
G
G

(5)
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Class O: for m"0, f (C ) is a constant
G G
( f (C )"a/2). Class I: for m"1 and large K
G G
G
(K <C ), growth is linear over a large range of
G
G
C ( f (C )+a C /K ). Class II: for m"1 and
G G G
G G G
smaller values of K (K <
/ C ), the growth funcG G
G
tion is a Michaelis}Menten function [ f (C )"
G G
a C /(K #C )]. Class III: for m"2, the
G G G
G
growth function is a Hill function [ f (C )"
G G
a C/(K#C)]. Within each class of growth
G G
G
G
function, the speci"c values of the parameters (a
G
and K ), as well as those of the other parameters,
G
may di!er between the innervating axons. Various factors in the innervating axon in#uence the
values of these parameters. For example, increased pre-synaptic electrical activity increases
the axon's number of neurotrophin receptors
(e.g. Birren et al., 1992), which implies that electrical activity a!ects growth (i.e. higher a or lower
G
K ), neurotrophic signalling (e.g. lower c ),
G
G
or both. Because the level of electrical activity
and other factors will di!er between the axons,
the parameter values between the axons will
di!er as well.
Axons that at the end of the competitive process have no neurotrophin (C "0; equivalent to
G
"0) are assumed to have withdrawn, while
G
axons that do have neurotrophin (C '0; equivaG
lent to '0) are regarded as having survived.
G
For class I, elimination of axons takes place until
a single axon remains [single innervation,
Fig. 2(a)], regardless of the rate of release of
neurotrophin. The axon that survives is the
one with the highest value of the quantity
b ,(k (a /K !o ))/(c (k #o )). If the growth
G
?G G G
G
G BG
G
function is a saturating function, i.e. classes II and
III, more than one axon may survive [multiple
innervation, Fig. 2(b) and (c)], depending
on the parameters of the growth function and
the rate of release of neurotrophin. For class III,
stable equilibria for single and multiple innervation can coexist [Fig. 2(c)], and which of these
will be reached in any speci"c situation
depends on the initial conditions.
For the numerical simulations of the model
and its extensions (see Sections 4 and 5), we take
data available for nerve growth factor (NGF), the
best characterized neurotrophin (Table 1). However, the results of our study are general and do
not depend on speci"c choices for the parameter
values.
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FIG. 2. For di!erent classes of growth functions, the nullcline pictures for a system of two innervating axons, in the model
of Section 2.1. The variables +R , C , i"1, 2, and ¸ are at quasi-steady state. The 00 are the nullclines of , the ** are
G G

the nullclines of
. The x- and y-axes are also nullclines of
and
, respectively. Vectors indicate direction of change;



(䊏) stable equilibrium point and (䊐) unstable equilibrium point. Note that '08C '0 and "08C "0. From Van
G
G
G
G
Ooyen & Willshaw (1999b). (a) Class I. The nullclines do not intersect at a point where both axons coexist. a /K "1.4 and
 
a /K "0.8. (b) Class II. The nullclines intersect at a point where both axons coexist. The rate of release of neurotrophin, p, is
 
10 times higher than the standard value. If we use the standard rate of release, the nullclines do not intersect, and only one
axon will survive. a "700, a "400, and K"500. (c) Class III. There is a stable equilibrium point where both axons coexist,


as well as stable equilibrium points where either axon is present. The stable equilibrium point at ( "0, "0) is not


indicated because it too close to another, unstable point. a "300, a "300, and K"30. For K"100, for example, the


stable equilibrium point where both axons coexist disappears.

TABLE 1
;nits and parameter values used for the numerical simulations
Parameter

Value

Source

k
?
k
B
c
o
d
p

4.8;10 M\ s\
1.0;10\ s\
2.7;10\ s\
&2.0;10\ s\
&1.0;10\ s\
2.0;10\ M s\

Sutter et al. (1979)
Sutter et al. (1979)
Zupan & Johnson (1991)
Layer & Shooter (1983)
Jeanpre( tre et al. (1996)
BloK chel, A. & Thoenen (1995)
Jeanpre( tre et al. (1996)

v
q

1.7;10\ l
&2 days

Bernd & Greene (1984)

Parameter values. These were taken from the data available for NGF (nerve
growth factor). However, the results of our study are general and do not depend on
speci"c choices for the parameter values. The rate constants (i.e. k and k ) of the
?
B
high-a$nity NGF binding site are used because this mediates the biological
response (Bothwell, 1995).
;nits. Amounts of unoccupied receptor and neurotrophin-receptor complex are
expressed in number of molecules. Neurotrophin concentration is expressed in
M ("mol l\). In the "gures, time is given in hours (hr). The values of a and (or
G
G
1 and 2 in Section 5) are given in number of molecules hr\; the values of K
G
G
G
are given in number of molecules. The dimension of g ,a /K is hr\. Only the
G
G G
parameter a (or g in Sections 4 and 5) is varied between axons. Unless otherwise
G
G
indicated, the initial value of (or 1 and 2 ) for all axons is 10.0 molecules hr\.
G
G
G
The initial values of number of unoccupied receptors, number of neurotrophin}
receptor complexes, and neurotrophin concentrations are chosen so that when
keeping
(or 1 and 2 ) at their initial values, the system is in steady state.
G
G
G

3. Development of Nerve Connections as a
Consumer}Resource System
We show that the model described in Section
2.1 can be rewritten as a consumer}resource system. The rate of change of (i.e. axonal growth)
G

is of the order of days, so that on the time scale
of , we can make quasi-steady-state approxiG
mations for the number of unoccupied receptors
R and the number of neurotrophin}receptor
G
complexes C (i.e. dR /dt"dC /dt"0).
G
G
G
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From eqn (1), this gives
o C "k ¸R !k C
G G
?G G
BG G

(6)

and therefore
k ¸R
C" ? G G .
G k #o
BG
G

(7)

Inserting eqn (7) into eqn (2) and making the
quasi-steady-state approximation dR /dt"0
G
gives
G
.
R"
G c #(k o /(k #o ))¸
G
?G G BG
G

(8)

Inserting eqn (8) into eqn (7) gives
¸
G
.
C"
G c (k #o )/k #o ¸
G BG
G ?G
G

(9)

Now, de"ne
j ¸
,
h (¸), 
G
j #¸
G

(10)

where
1
j " ,
 v

c (k #o )
G .
j " G BG
G
ok
G ?G

(11)

Further, de"ne
f (C )
g (¸, ), G G .
G
G
q
G

(12)

Inserting eqn (6) into eqn (3) and using eqns (9),
(10), and (12), we can now describe the whole
system given by eqns (1}4) as
d
G" (g (¸, )!j ),
G G
G

dt

(13)

L
d¸
"p!d¸!
h (¸),
G G
dt
G

(14)

where j "1/q. Note that under the quasi
steady-state approximations,
"o C #c R .
G
G G
G G
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Thus, variable
is a measure for the total
G
number of neurotrophin receptors (unoccupied
plus bound to neurotrophin) on axon i.
Equations (13) and (14) are of the same form as
those describing consumer}resource systems in
population biology (Yodzis, 1989). Receptors,
as it were, consume neurotrophin molecules
(through binding of neurotrophin to receptor and
subsequent degradation of the neurotrophin}
receptor complex); as a result, the net number of
receptors increases and the concentration of
neurotrophin decreases. Variable corresponds
G
to the size of the population of consumer species
i, while variable ¸ corresponds to the size of the
resource population. In this system, there is only
one type of resource and there are as many di!erent consumer species as there are innervating
axons. If the resource exists in isolation, it grows
at rate p and decays at rate d¸. In the presence
of
, the resource is also consumed at rate
G
h (¸). In population biological terms, h (¸)
G G
G
is the functional response of the consumer,
which describes how much resource is consumed
per individual consumer per unit time. Here,
the functional response is a type-II Holling
response. The consumer grows in response to
resource at rate g (¸, ) and decays at rate
G G
G
j . In population biological terms, g (¸, )!
 G
G
G
j is the numerical response of the consumer,

which describes the change in the consumer
population expressed per individual per unit
time in response to (in general) both resource and
consumer.
The numerical response in axonal competition
is a!ected by the form of the growth function
f (C ). In Van Ooyen & Willshaw (1999b), comG G
petition is studied for di!erent forms of f (C ),
G G
using a general growth function [eqn (5)]. Inserting this general growth function into eqn (12) and
using eqn (9) gives
K\ (j ¸)K
G
G
,
g (¸, )"
G
G
(j #¸)K#(j
¸)K
G
G G

(15)

(a /q)K
1
j " G
, j "
.
G

G
Ko
Ko
G G
G G

(16)

where
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For class I of the general growth function (m"1
and K <C , and hence j #¸<j
¸),
G
G
G
G G
j ¸
,
g (¸, )"g (¸)"  G
G
G
G
j #¸
G

(17)

which is a type-II Holling response.
For class II (m"1 and K <
/ C ),
G
G
j ¸
G
,
g (¸, )"
G
G
j #¸#j
¸
G
G G

(18)

which is a form of a consumer-dependent response (Abrams, 1994), since it also depends on
. For class III (m"2), g (¸, ) is also of this
G
G
G
form.
The form in which the classical Lotka}Voltera
competition equations are given, i.e. without
direct reference to what the consumer species are
competing for, is obtained from eqns (13) and (14)
by making a quasi-steady-state approximation
for the resource, i.e. d¸/dt"0. This gives an
expression for ¸ in terms of , which can then be
G
inserted into eqn (13). For example, for class I, if
we assume for simplicity that all j are the same
G
and d can be neglected, the quasi-steady-state
approximation for the resource gives
h(¸)"

p
L
G G

.

(19)

Using this and eqn (10), we obtain
¸"
(j

pj

.
L
)!p
 G G

(20)

Inserting eqn (20) into eqn (13), using eqn (17),
gives





d
j
G"
G
!j .
G (j /p) L

dt
G

G

(21)

For n"2, for example, the nullclines of
and

, obtained by setting d /dt"0 in eqn (21), are

G
parallel lines (excluding the nullclines "0,
G
i"1, 2), and hence, only one axon can survive.
For class II, the expression obtained for d /dt
G
shows that the nullclines can intersect so that
coexistence is possible [see Fig. 2(b)].

We now summarize the parallels between the
development of nerve connections and consumer}resource systems.
1. Neurotrophin corresponds to resource.
2. The number of axons corresponds to the
number of di!erent consumer species.
3. The number of neurotrophin receptors of
a given axon determines the population size of
that species.
4. The way in which neurotrophin a!ects
axonal growth (i.e. increases the axon's total
number of neurotrophin receptors) determines
the numerical response of the consumer.
5. The kinetics of neurotrophin binding to
receptor, degradation of neurotrophin}receptor
complex, and turnover of receptor determine the
functional response of the consumer.
6. Axonal competition for neurotrophins is
a form of what in population biology is called
consumptive competition: consumer species
hinder one another through their dependence on
shared resource(s).
7. Survival of a single axon corresponds to the
classical competitive exclusion result from theoretical population biology, which says that in equilibrium one type of resource can maximally sustain
one consumer species. Survival of several axons
corresponds to coexistence of consumer species.
8. For class III, the coexistence of several
stable equilibria implies that an axon that is
removed from a multiply innervated target may
not necessarily survive (&&regenerate'') when replaced with a low number of neurotrophin receptors (Van Ooyen & Willshaw, 1999b). The ability
of an axon to regenerate corresponds to the
property of invasibility in population biology.
Invasibility is de"ned as follows (Yodzis, 1989).
Suppose we remove a consumer species S from a
system of coexisting consumer species and allow
the remaining species to reach a new attractor.
Species S is then able to invade the reduced
system if after introducing a few individuals of
species S, the system approaches a new attractor
in which S is represented.
9. Although not included in the model, axons
can also exert direct negative e!ects on the
growth of other axons (e.g. Nguyen & Lichtman,
1996), which corresponds to interference in population biology. Interference is the presence of
direct aggressive interactions between members
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of the competing species; it can exist in addition
to competition for available resources (Yodzis,
1989).
[The parallels drawn under (1), (2), (6), (7), and
(9) can partly also be found in earlier, qualitative
comparisons between population biology and
neurobiology (Ribchester & Barry, 1994; Van
Essen et al., 1990)].
Stimulated by the parallels between the development of nerve connections and consumer}
resource systems, we have studied two extensions
of our axonal competition model, and these will
be discussed in Sections 4 and 5.
4. E4ect of Spatial Dimension on Competition
The classical result of competitive exclusion is
obtained in models that ignore spatial distributions of consumer and resource species. These,
however, could come into play in permitting consumer species to coexist, and recent research in
population biology has focused on discovering
the various ways competitive exclusion can be
foiled. Inspired by this, we have investigated how
axonal competition is a!ected when the spatial
dimension of the extracellular space around
the target is explicitly taken into account, so
that the concentration of neurotrophin is no
longer necessarily uniform across the extracellular space. To this end, we consider two compartments in the extracellular space (which in
the model described in Section 2.1 is considered
as a single compartment), where each compartment has a single innervating axon (Fig. 3).
We deliberately use this relatively simple

two-compartment model (see Section 6) in order to
clearly demonstrate how competition is a!ected.
4.1. COMPARTMENTAL MODEL

Axon i grows in compartment i (i"1, 2), in
which ¸ is the concentration of neurotrophin.
G
Replacing ¸ in eqns (1) and (2) by ¸ gives the
G
rates of change of C and R , respectively. NeurotroG
G
phin is released in each compartment at rate
p and is removed by degradation with rate constant d. Each compartment has volume v and
A
cross-sectional area A. The distance between the
centres of the compartments is l. Between compartments, di!usion of neurotrophin takes place.
If we approximate the concentration gradient
between the compartments by (¸ !¸ )/l, then


the amount of neurotrophin that #ows from one
compartment to the other per unit time is (Fick's
law)
¸ !¸
,
I"!AD 
l

(22)

where D is the di!usion coe$cient of neurotrophin. The change in the concentrations ¸ and

¸ caused by the #ow I is I/v . Modifying eqn (3)

A
to take into account di!usion, we obtain the rates
of change of ¸ and ¸ :


d¸
"DK (¸ !¸ )#p!d¸



dt
!(k ¸ R !k C )/v ,
?  
B  A

(23)

d¸
"DK (¸ !¸ )#p!d¸



dt
!(k ¸ R !k C )/v ,
?  
B  A

FIG. 3. Two-compartment model of Section 4.1. Target
may represent soma or dendrite. ( ) Neurotrophin (L); ( )
unoccupied receptor (R); ( ) neurotrophin}receptor
complex (C).
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(24)

where DK "AD/(lv ).
A
Equation (4) again describes axonal growth.
We use class I of the general growth function, i.e.
f (C )"g C (where, in terms of the parameters of
G G
G G
the general growth function, eqn (5), g "a /K ),
G
G G
which does not permit axons to coexist if the
extracellular space is uniform with respect to the
concentration of neurotrophin, i.e. is a single
compartment. The values of all parameters
except g are the same for both axons. For the
G
parameter values, see Table 1.
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FIG. 4. Coexistence of axons and competitive exclusion depending on the value of DK , in the two-compartment model of
Section 4.1. (a)}(c) Coexistence, DK "0.2. (d)}(f) Competitive exclusion, DK "2. In (c) and (f), the 00 are the nullclines of

and the ** the nullclines of . The x- and y-axes are also nullclines of
and
respectively. For explanation of symbols,



see Fig. 2. g "1.4 and g "0.8. v "v/2.


A
4.2. RESULTS

In the two-compartment model, axons can
coexist even with class I of the growth function.
Coexistence occurs for relatively small DK , i.e. if
the axons are far apart (l large) or if the di!usion
coe$cient D is small [Fig. 4(a)}(c)]. In the limit
for DK "0, there is no interaction between the
compartments and, consequently, no competition between the axons. For relatively large DK , i.e.
if the axons are close to each other (l small) or if
the di!usion coe$cient D is large, only a single
axon can survive [Fig. 4(d)}(f )]. In the limit for
in"nitely large DK , the neurotrophin concentration
in both compartments will always be the same,
i.e. the model will become e!ectively identical to
the single compartment model.
We now study exclusion and coexistence
using phase-plane analysis. Because the rate
of change of
is of the order of days, we can
G
make quasi-steady-state approximations for the
other variables on the time scale of
(i.e.
G
dC /dt"dR /dt"d¸ /dt"0, i"1, 2). Using
G
G
G
these approximations, we can draw the nullclines
of
and , i.e. the lines depicting the solutions


of d /dt"0 and d /dt"0, respectively. The


intersection points of the nullclines are the

FIG. 5. (a) The value of
in the coexistent equilibrium

point of Fig. 4(c) drawn for di!erent values of DK . (b) The
nullcline picture at the bifurcation point DK "0.45. For explanation lines and symbols, see Fig. 4.

equilibrium points of the system. For small DK ,
there is an intersection point where both axons
coexist [Fig. 4(c)]. Figure 5(a) shows the value of
in this intersection point for di!erent values of

DK . Around DK "0.45, a transcritical bifurcation
occurs, where the coexistent equilibrium point
disappears. For DK (0.45, both axons survive; for
DK '0.45, only one axon survives.
The possibility of coexistence in the multicompartment model can also be shown analytically. At equilibrium, d /dt"0. For class I in
G
the single-compartment model, the solutions of
this equation are, from eqns (13) and (17), "0
G
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or g (¸)!j "0. Taking the second solution for
G

all n axons de"nes a system of n equations with
only one free variable, ¸. Because all j are
G
typically distinct, at most one equation can
be satis"ed. Hence, no more than one
can be
G
non-zero at equilibrium, i.e. competitive exclusion. In the multi-compartment model, in contrast, taking the second solution g (¸ )!j "0
G G

for all n axons de"nes a system of n equations
with n free variables ¸ . A number of these equaG
tions may be satis"ed simultaneously, meaning
that coexistence is possible.
Spatial separation (DK small) and coexistence of
innervating axons becomes possible if the target
cell has an extensive dendritic tree. Thus, the
larger the dendritic tree, the more innervating
axons can survive. If the target cell lacks dendrites, the innervating axons are con"ned to the
relatively small surface area of the soma (DK large),
and only one innervating axon typically survives
(see further Section 6).

5. Axons Responding to More than
One Neurotrophin
In consumer}resource systems in population
biology, consumer species often utilize more than
one type of resource. In this section, we investigate the parallel situation in neurobiology: innervating axons that are capable of responding to
more than one type of neurotrophin (e.g. Barde,
1989; McManaman et al., 1989; Lindsay et al.,
1994). We examine two possibilities through
which axons can respond to more than one type
of neurotrophin. (1) Individual axons have
a single type of neurotrophin receptor, but this
can bind to more than one type of neurotrophin.
(2) Individual axons have more than one type of
neurotrophin receptor, and each type of receptor
binds exclusively to one type of neurotrophin.
To study (1) and (2), we consider a single target
that releases two types of neurotrophin and at
which there are two di!erent groups of innervating axons. For (1), axons from one group have
one type of receptor, while axons from the other
group have another type. The di!erent receptor
types bind the neurotrophins with di!erent a$nities. For (2), all axons have the same two types of
receptor but in axons from di!erent groups they
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are present in di!erent proportions. We deliberately use small numbers of neurotrophin and
receptor types to obtain a better understanding
of how axonal competition is a!ected. We use
class I of the growth function, i.e. f (C )"g C
G G
G G
(where, in parameters of eqn (5), g "a /K ), and
G
G G
a single compartment for the extracellular space;
these are conditions that do not permit axons to
coexist if they respond to only one neurotrophin.
5.1. INDIVIDUAL AXONS HAVING ONE RECEPTOR TYPE

Consider a single target at which there are two
di!erent groups of axons. One group, consisting
of axons i"1,2, n, has receptor type R1; the
other group, consisting of axons i"n#1,
2, n#m, has receptor type R2. The target releases two types of neurotrophin, ¸1 and ¸2,
which bind to both R1 and R2, but with di!erent
a$nities. At axons i"1,2, n, we have the following binding reactions:
I? G
¸1#R1 & C11 ,
G
G
IB G
I? G
¸2#R1 & C21 ,
G
G
IB G
where k11 and k21 are the association con?G
?G
stants, k11
and k21
are the dissociation
BG
BG
constants, and C11 and C21 are the neuroG
G
trophin}receptor complexes. The neurotrophin
}receptor complexes C11 and C21 are deG
G
graded with rate constants o11 and o21 , respecG
G
tively. The receptors R1 and R2 are inserted at
G
G
rates 1 and 2 , respectively, and are degraded
G
G
with rate constants c1 and c2 , respectively. In
G
G
analogy with eqns (1), (2), and (4), we obtain for
axons i"1,2, n,
dC11
G"(k11 ¸1R1 !k11 C11 )
?G
G
BG
G
dt
!o11 C11 ,
G
G

(25)

dC21
G"(k21 ¸2R1 !k21 C21 )
?G
G
BG
G
dt
!o21 C21 ,
G
G

(26)
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In analogy with eqn (3), we obtain for the rates
of change of the neurotrophin concentrations,

dR1
G" 1 !c1 R1
G
G G
dt

d¸1
"p1!d1¸1
dt

!(k11 ¸1R1 !k11 C11 )
?G
G
BG
G
!(k21 ¸2R1 !k21 C21 ),
?G
G
BG
G
1
G"g (C11 #C21 )! 1 .
G
G
G
G
dt

q

(27)
(28)

Note that in eqn (28) class I of the growth function is used (see Section 2.1), where C11 #C21
G
G
is the total amount of bound neurotrophin on
axon i.
At axons i"n#1,2, n#m, we have the following binding reactions:
I? G
¸2#R2 & C22 ,
G
G
IB G
I? G
¸1#R2 & C12 .
G
G
IB G
In analogy with eqns (25}28), we obtain for
axons i"n#1,2, n#m,
dC22
G"(k22 ¸2R2 !k22 C22 )
?G
G
BG
G
dt
!o22 C22 ,
G
G

(29)

dC12
G"(k12 ¸1R2 !k12 C12 )
?G
G
BG
G
dt
!o12 C12 ,
G
G

(30)

dR2
G" 2 !c2 R2
G
G G
dt

q

!(k22 ¸2R2 !k22 C22 )
?G
G
BG
G

(31)

!(k12 ¸1R2 !k12 C12 ),
?G
G
BG
G

(32)

2
G"g (C22 #C12 )! 2 .
G
G
G
G
dt

(33)

L
! (k11 ¸1R1 !k11 C11 )/v
?G
G
BG
G
G
L>K
!
(k12 ¸1R2 !k12 C12 )/v,
?G
G
BG
G
GL>

(34)

d¸2
"p2!d2¸2
dt
L>K
!
(k22 ¸2R2 !k22 C22 )/v
?G
G
BG
G
GL>
L
! (k21 ¸2R1 !k21 C21 )/v, (35)
?G
G
BG
G
G
where p1 and p2 are the rates of release of ¸1 and
¸2, respectively, and d1 and d2 are the rate constants for degradation of ¸1 and ¸2, respectively.
We assume that except for g there is no variation
G
in parameter values between axons.
For simplicity (see Section 6), we take c1"c2
,c, d1"d2,d, and p1"p2,p. For the
di!erent neurotrophin}receptor combinations,
we assume that all constants except the association constants are identical, i.e. k11 "k21
B
B
"k22 "k12 ,k and o11"o21"o22"
B
B
B
o12,o. For the association constants, we
assume that k11 "k22 ,k and that k21
?
?
?
?
and k12 are a fraction of k , i.e. k21 "
?
?
?
k12 "qk , where 0)q)1. For q"0, there
?
?
is no cross-reactivity, i.e. the di!erent receptors
are speci"c for a given type of neurotrophin:
¸1 binds only to R1, and ¸2 only to R2. For
q"1, ¸1 and ¸2 bind equally well to both R1
and R2. For 0(q(1, ¸1 and ¸2 bind to both
R1 and R2, but with di!erent association
constants. In other words, q expresses receptor
speci"city and thus overlap in resource (i.e.
neurotrophin) utilization between the two groups
of axons. As in the previous models, axons that
at the end of the competitive process have no
neurotrophin (i.e. for i"1,2, n, C11 #
G
C21 "0, which is equivalent to 1 "0; for
G
G
i"n#1,2, n#m, C22 #C12 "0, which is
G
G
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FIG. 6. Coexistence of axons and competitive exclusion
depending on the value of q, in the two-neurotrophin model
of Section 5.1. System of two innervating axons (n"m"1).
Axon 1 has receptor type R1; axon 2 has receptor type R2.
(a, b) Coexistence, q"0.2. (c, d) Competitive exclusion,
q"0.8. In (b) and (d), the 00 are the nullclines of
and

the ** the nullclines of . g "1.4 and g "0.8. The x 

and y-axes are also nullclines of
and , respectively. For


explanation symbols, see Fig. 2. (e) The value of
in the

coexistent equilibrium point of (b) drawn for di!erent values
of q.

equivalent to 2 "0) are assumed to have withG
drawn. For the parameter values, see Table 1.
5.1.1. Results
We "rst study a system of two innervating
axons where axon 1 has receptor type R1 and
axon 2 has receptor type R2 (i.e. n"m"1). In
contrast to the model with one type of neurotrophin (and a single extracellular compartment)
(see Section 2.1), in this model both axons can
coexist. Coexistence occurs for relatively small q,
i.e. if there is little cross-reactivity and, consequently, little overlap in neurotrophin utilization
between the axons [Fig. 6(a) and (b)]. For q"0,
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FIG. 7. System of "ve innervating axons (n"3, m"2),
in the two-neurotrophin model of Section 5.1. Axons 1, 2,
and 3 have receptor type R1; axons 4 and 5 have receptor
type R2. C1 ,C11 #C21 and C2 ,C22 #C12 .
G
G
G
G
G
G
(a) Competitive exclusion within each group, but coexistence
between groups. The axons with the highest values of g
G
within each group survive (axons 1 and 4), q"0.2.
(b) Competitive exclusion. The axon with the overall highest
value of g survives (axon 1), q"0.8. In (a) and (b), g "1.4,
G

g "0.8, g "0.6, g "1.0, and g "0.5. (c) The second




group of axons has class II of the growth function, the "rst
group class I. Axons 1, 4, and 5 survive. q"0.2, g "1.4,

g "0.8, g "0.6, a "150, a "90, and K "K "40.







the axons depend entirely on di!erent neurotrophins, so that there is no interaction between
the axons and, consequently, no competition. For
relatively large q, i.e. if there is a large overlap in
neurotrophin utilization, no more than one axon
can survive [Fig. 6(c) and (d)]. For q"1, there is
complete overlap in neurotrophin utilization, i.e.
there are no di!erences between the two groups
of axons. Because we assume only variation between axons in g (the parameter of the growth
G
function of class I), the axon that survives is the
one with the highest value of g .
G
As in Section 4.2, to study this system of two
innervating axons using phase-plane analysis,
we make quasi-steady-state approximations for
all the variables except
(i.e. dC11 /dt"
G
G
dC21 /dt"dC22 /dt"dC12 /dt"dR1 /dt"
G
G
G
G
dR2 /dt"d¸1/dt"d¸2/dt"0, i"1, 2). For
G
relatively small q, there is an intersection point
where both axons coexist [Fig. 6(b)]. Figure 6(e)
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shows the value of
in this intersection point

for di!erent values of q. Around q"0.28, a bifurcation occurs, where the coexistent equilibrium
point disappears. For q(0.28, both axons survive; for q'0.28, only one axon survives.
We now consider the more general case in
which there is more than one axon in each group
(i.e. n'1 and m'1). For relatively large q, in
total only one axon survives [Fig. 7(b)]. For
relatively small q, there is competitive exclusion
within each group of axons but coexistence between groups: in total two axons survive, one
from each group [Fig. 7(a)]. For class I of the
growth function, there are no conditions under
which more than one axon from each group can
survive. For classes II and III, more axons may
survive. For example, if the axons from the second group have a class II growth function, more
than one axon may survive from this group, while
from the "rst group, with a class I growth function, only one axon survives [Fig. 7(c)].
5.2. INDIVIDUAL AXONS HAVING TWO

dR1
G" 1 !c1 R1
G
G G
dt
!(k11 ¸1R1 !k11 C11 ),
?G
G
BG
G

(37)

dC22
G"(k22 ¸2R2 !k22 C22 )
?G
G
BG
G
dt
!o22 C22 ,
G
G

(38)

dR2
G" 2 !c2 R2
G
G G
dt
!(k22 ¸2R2 !k22 C22 ).
?G
G
BG
G

(39)

For axons i"1,2, n, we assume that
q

1
G"g (C11 #C22 )! 1 ,
G
G
G
G
dt
2 "p 1 ,
G
G

(40)
(41)

where 0)p)1 and C11 #C22 is the total
G
G
amount of bound neurotrophin on axon i.
For axons i"n#1,2, n#m, we assume that

RECEPTOR TYPES

Again, we consider a single target at which
there are two di!erent groups of axons. The two
groups have both receptor types, but they are
present in di!erent proportions. One group,
consisting of axons i"1,2, n, has more R1
than R2; the other group, consisting of axons
i"n#1,2, n#m, has more R2 than R1.
The target releases two types of neurotrophin, ¸1
and ¸2; ¸1 binds only to R1, and ¸2 only to R2.
At all axons, we have the following binding
reactions:
I? G
¸1#R1 & C11 ,
G
G
IB G

2
G"g (C11 #C22 )! 2 ,
G
G
G
G
dt

(42)

1 "p 2 .
G
G

(43)

For p"0, axons i"1,2, n have only R1 and
axons i"n#1,2, n#m only R2. For p"1,
there are no di!erences between both groups of
axons. For 0(p(1, both groups have both R1
and R2, but in di!erent amounts. In other words,
p expresses overlap in neurotrophin utilization,
as does q in the previous model (see Section 5.1).
For the rates of change of the neurotrophin
concentrations, we obtain
d¸1
"p1!d1¸1
dt

I? G
¸2#R2 & C22 .
G
G
IB G

L>K
! (k11 ¸1R1 !k11 C11 )/v,
?G
G
BG
G
G

For all axons, we obtain

(44)

d¸2
"p2!d2¸2
dt

dC11
G"(k11 ¸1R1 !k11 C11 )
?G
G
BG
G
dt
!o11 C11 ,
G
G

q

(36)

L>K
! (k22 ¸2R2 !k22 C22 )/v.
?G
G
BG
G
G

(45)
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large p, on the other hand, only one axon survives
[Fig. 8(d)].
6. Discussion and Conclusions

FIG. 8. Coexistence of axons and competitive exclusion
in the two-neurotrophin model of Section 5.2. In (a) and (b),
a system of two innervating axons (n"m"1). Axon 1 has
more R1 than R2; axon 2 has more R2 than R1. g "1.4 and

g "0.8. (a) Coexistence, p"0.2. (b) Competitive exclusion,

p"0.8. In (c) and (d), a system of "ve innervating axons
(n"3, m"2). Axons 1, 2, and 3 have more R1 than R2;
axons 4 and 5 have more R2 than R1. g "1.4, g "0.8,


g "0.6, g "1.0, and g "0.5. C ,C11 #C22 . (c) Com


G
G
G
petitive exclusion within each group, but coexistence between groups. The axons with the highest value of g within
G
each group survive (axons 1 and 4), p"0.2. (d) Competitive
exclusion. The axon with the overall highest value of g
G
survives (axon 1), p"0.8.

For simplicity (see Section 6), we take k11 "
?G
k22 ,k , k11 "k22 ,k , o11 "o22 ,o,
?G
?
BG
BG
B
G
G
c1 "c2 ,c, d1"d2,d, and p1"p2,p. For
G
G
the parameter values, see Table 1.
5.2.1. Results
We obtain very similar results as in the previous model (see Section 5.1.1). In a system of two
innervating axons (i.e. n"m"1), there is coexistence for relatively small p (i.e. if axon 1 has
mainly receptor type R1 and axon 2 mainly
receptor type R2) [Fig. 8(a)] and competitive
exclusion for relatively large p (i.e. if the di!erence
in receptor content between both axons is
smaller) [Fig. 8(b)].
In the more general case, in which there is
more than one axon in each group (i.e. n'1 and
m'1), two axons survive for relatively small p,
one from each group [Fig. 8(c)]. For relatively

We have shown analytically that there exist
formal parallels between consumer}resource
systems in population biology (Yodzis, 1989) and
the development of nerve connections under
the control of neurotrophins (Van Ooyen &
Willshaw, 1999b). This allows neurobiological
phenomena to be interpreted in population
biological terms and, conversely, approaches
from population biology (where competition
is better understood) to be applied to neurobiology.
The notion that there could be useful analogies
between the development of nerve connections
and the dynamics of populations in ecosystems is
not new. For example, Purves & Lichtman (1985)
suggested that the interactions between neurons
during development resemble more those
between organisms in an ecosystem than those
between elements in an electrical circuit. Jeanpre( tre et al. (1996) compared single innervation
to competitive exclusion in population biology.
In a qualitative fashion, Ribchester & Barry
(1994) indicated how the principles used to describe competition in ecosystems might be used
as a basis for further experimental investigation
of synaptic competition. By adopting a de"nition
of competition from population biology (Keddy,
1989), they identi"ed several important questions
concerning synaptic competition: what the resources are, whether competition is based on
consumption of resources (consumptive competition) or on control of access to resources (spatial
competition), and whether competition also
involves direct negative interactions between
synapses (interference). Similar ideas can be
found embedded in Van Essen et al. (1990).
To account for perceptual categorization,
Edelman (1987), in his theory of neuronal group
selection, also applied population thinking to
neurobiology, but at a di!erent level of organization. His theory proposes that the key principle
governing brain organization is a population one
and that in its operation the brain is a selective
system. According to this theory, the brain is
functionally organized into cellular populations
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containing individually variant networks, or
neuronal groups, upon which selection acts during development.
Unlike previous comparisons between neurobiology and population biology, the parallels we
have drawn are based on formal, analytical arguments. We have shown that competition in nervous systems and ecosystems can be described by
similar underlying equations. Inspired by these
parallels, we studied two extensions of our axonal
competition model (Van Ooyen & Willshaw,
1999b).
First, the "ndings from theoretical population
biology concerning the importance of the spatial
dimension in competition led us to investigate
how axonal competition is a!ected when the
spatial dimension of the extracellular space
around the target is taken into account, so that the
concentration of neurotrophin is no longer necessarily uniform across the extracellular space. Although we modelled only two compartments, the
main result*that competitive exclusion does not
occur if the innervating axons are su$ciently far
apart on the target cell*is not expected to change
if the model is made more accurate by dividing the
extracellular space into additional compartments.
In agreement with the model are the in vitro and
in vivo observations that coexisting nerve terminals
from di!erent motor neurons are physically separated on mature muscle cells (Ku!er et al., 1977;
L+mo, 1980; Lo & Poo, 1991). With neurons as
target cells, spatial separation and coexistence of
innervating axons become possible only if the
target has an extensive dendritic tree. Indeed, in
many types of neurons, a positive correlation
exists between the size of the dendritic tree and
the number of innervating axons surviving into
adulthood (Hume & Purves, 1981; Purves &
Hume, 1981; Purves, 1994). In the ciliary ganglion of adult rabbits, for example, neurons that
lack dendrites are innervated by a single axon,
whereas neurons with many dendrites are innervated by the largest number of axons. That is not
a matter of available space because in newborn
animals all neurons are innervated by approximately the same number of axons. Thus, multiple
innervation is unstable for neurons that lack
dendrites, whereas no net elimination of axons
takes place on neurons that have many dendrites.
It is not understood how the presence of

dendrites mitigates competition and permits the
coexistence of axons. Our results show that competition for neurotrophin released locally along
the target's dendrites (Wetmore et al., 1991), together with di!usion of neurotrophin, provides
a plausible mechanism. Interestingly, not only
the size of the dendritic tree could a!ect axonal
innervation but, by in#uencing the spatial pattern of the concentration of neurotrophin, also
the tree's speci"c morphology.
In the second extension of our model, we investigated how axonal competition is a!ected if the
axons are capable of responding to more than
one type of neurotrophin (e.g. Barde, 1989;
McManaman et al., 1989; Lindsay et al., 1994); in
ecosystems, this corresponds to consumer species
utilizing more than one type of resource. We
examined the following two situations. (1) Individual axons have only a single type of neurotrophin receptor, but this can bind to more than
one type of neurotrophin. Di!erent types of
axons have di!erent receptor types. (2) Individual
axons have more than one type of neurotrophin
receptor, and each receptor type binds exclusively to one type of neurotrophin. Di!erent types
of axons have these receptor types in di!erent
proportions. Our results show that for both (1)
and (2), di!erent types of axons can coexist if they
respond to the neurotrophins with su$ciently
di!erent a$nities, i.e. if the axons' overlap in
neurotrophin utilization is below a certain level.
For (1), this means that there is a limit on the
degree of cross-reactivity, i.e. each type of receptor should bind preferentially, but not necessarily
exclusively, to one type of neurotrophin. For (2),
this means that there is a limit on the similarity in
receptor content between di!erent types of axons.
These kinds of limits on the similarity of coexisting
axons with respect to neurotrophin utilization correspond to what is called in population biology
limiting similarity (Yodzis, 1989). In analysing (1)
and (2), we made, for reasons of simplicity, assumptions for the parameters (see Sections 5.1 and 5.2),
but all these assumptions can be relaxed without
compromising the main results. What counts is the
axons' degree of overlap in neurotrophin utilization, and this can be in#uenced by many parameters. The main conclusions are also expected to
be valid in models that are extended to more than
two types of neurotrophin and receptor.

DEVELOPMENT OF NERVE CONNECTIONS

By having axons respond with di!erent a$nities to more than one type of neurotrophin, our
model can account for competitive exclusion
among axons of one type, while at the same time
there is coexistence with axons of another type
innervating the same target [see Figs 7(a), (c) and
8(c)]. The model can thus account for the emergence of an innervation pattern such as is found
on cerebellar Purkinje cells (Crepel, 1982):
climbing "bres compete with each other during
development until only a single one remains,
which coexists with parallel "bres innovating
the same Purkinje cell. More than one type of
neurotrophin can indeed be involved in setting
up this innervation pattern, as in the developing
cerebellum a variety of neurotrophins and receptors are expressed (Hofer et al., 1990; Ernfors
et al., 1992; Rocamora et al., 1993; Gao et al.,
1995; Segal et al., 1995; Lindholm et al., 1997).
We thank Michael Corner for critical reading of the
manuscript. We thank an anonymous referee for valuable suggestions on the manuscript.
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